It is well known that a function f is Robertson if zf
0 is a -spirallike function. Moulis [74] de…ned the class V k ( ) which generalizes the class of functions with bounded boundary rotation of order as well as the functions f for which zf 0 is -spirallike, that is the class of Robertson functions. The class V k ( ) of generalized Robertson functions is introduced in section 2.4 in some details. The class e P ( ) of strongly analytic functions is studied in section 2.2. The classes related with strongly analytic functions have been considered by many authors, for some details, see [3, 20, 24, 61, 63, 122, 135] . The class of Bazilevic functions has prime importance in geometric function theory, so for, the class of these functions form the most general class of analytic functions which have concrete description. For the choices of di¤erent parameters, we obtain various classes of analytic functions.
In this chapter, we shall use the concept of generalized Robertson functions along with the concept of the class of e P ( ) to introduced the class e B k ( ; ; ; ) of generalize Bazilevic functions. Several classes of analytic functions can be obtained as special cases by varying the parameters of this class. In the …rst section, we introduced the class of generalized Bazilevic functions and in the next section a necessary condition for the functions to be in the class e B k ( ; ; ; ) with univalence criteria are discussed. Other interesting properties such as arc length, rate of coe¢ cient growth and coe¢ cient di¤er-ence are included in this section. Hankel determinant problem is investigated in the next section of this chapter. Relevant connections of the results presented here with those, obtained in earlier works, are pointed out. At the end, we have the conclusion.
It is to be noted that all the contents of this chapter are published in "Mathematical and Computer Modelling, Vol. 54(2011 ), 1608 -1612 " and "Journal of Inequalities and Applications, Vol. 2012 .
Introduction
Let V k ( ) be the class of generalized Robertson function related with bounded boundary rotation of order and e P ( ) be the class of strongly analytic functions related with caratheodory class of functions with positive real part. Then by using the above classes we introduce and generalize the class of Bazilevic functions e B k ( ; ; ; ) of type as follows:
De…nition 3.1.1 Let f 2 A. Then f 2 e B k ( ; ; ; ); if and only if, for k 2, 0 < 1, > 0, is real with j j < 2 , there exists a function g 2 V k ( ), 0 < 1, Many other classes of analytic functions can be found in literature by giving speci…c values to the parameters k; ; ; and :
Main Results
By using the method of Kaplan [45], we derive the following result.
Necessary Condition
Theorem 3.2.1 Let f 2 e B k ( ; ; ; ):
where 0 1 < 2 2 ; 0 < 1 and
Proof. We can de…ne, for z = re i ; r 2 (0; 1); real, the following
The functions S (z) ; V (z) are periodic and continuous with period 2 : Since f 2 e B k ( ; ; ; ); therefore from (3:1:1) ; it follows that we can choose the branches of argument of S (z) and V (z) as jS (r; ) V (r; )j 2 ; 2 (0; 1] :
Since g 2 V k ( ) ; therefore by using Lemma 2.4.17, we have
From (3:2:3), (3:2:4) and (3:2:5) ; we have
Moreover, from (3:2:3)
Remark 3.2.1 Now using the Lemma 2.5.20 , it is clear that e B k ( ; ; ; ) S for
Corollary 3.2.1 For f 2 e B 2 (1; 1; 0; 0) = K; we have
This result was proved by Kaplan [45] .
Arc Length Problem
Let C r denote the closed curve which is the image of the circle jzj = r < 1 under the
Then we now prove the following.
where c 1 is a constant depending on k; ; ; and only, L r (f (z)) denotes the arc length of the closed curve f (jzj = r < 1) and M (r) = max jzj=r jf (z)j.
Proof. Since f 2 e B k ( ; ; ; ), then from (3:1:1), we have
where g 2 V k ( ), p 2 P . Using (2:4:11), we have
where g 1 2 V k and p 2 P . Now, it is known from Lemma 2.4.16 that for g 1 2 V k , there exists a starlike functions s and h 2 P such that
Also from Theorem 2.3.5, for s 1 is -spirallike function if and only if there is a starlike function s such that
From (3:2:6), (3:2:7) and (3:2:8), we obtain
where s 1 belongs to the class of normalized -spirallike functions and h, p belong to the class P . Thus = 1 and 0 < 1, we can write
. Now from Lemma 2.2.3 and Lemma 2.3.11, we have
. Since 2(k 2)(1 ) cos 2 2 > 1; then, by Lemma 2.2.2, we obtain the required result.
For choosing di¤erent values of the parameter ; ; and in Theorem 3.2.2, we obtain the following corollaries investigated in [84, 96] :
where c 3 is a constant depending on k; and only.
, where c 4 is a constant depending on k, only and M (r) = max jzj=r jf (z)j. Now using the above theorem, we shall investigate the rate of coe¢ cient growth for the class e B k ( ; ; ; ):
Rate of Growth of Coe¢ cients
Theorem 3.2.3 Let f 2 e B k ( ; ; ; ) and f is of the form (2:1:1),
where c 5 is a constant depending on k; ; ; and only.
Proof. Using Cauchy's Theorem for z = r i ; we have
Using Theorem 3:2:2;we obtain n ja n j 1 2 r n c 1 (M (r)) 
where c 6 is a constant depending on k; and only.
This result is proved by Noor, see [84] .
Corollary 3.2.5 Let f 2 e B k ( ; 1; 0; 0) with k > 2 + 1 . Then
where c 7 is a constant depending on k, only.
This is proved in [96] .
Coe¢ cient Di¤erence
Theorem 3.2.4 Let f 2 e B k ( ; ; ; ) and f is of the form (2:1:1),
where c 8 is a constant depending on k; ; ; and only.
Proof. Since f 2 e B k ( ; ; ; ), therefore from (3:2:9), we have, for z 2 E;
where s 1 belongs to the class of normalized -spirallike functions and h, p belongs to the class P . Thus, for 2 E and n 1;
and by using (3:2:10), we have
where c 2 = e ( . We now use Lemma 2.1.1; Lemma 2.3.11 and then Holder's inequality with m 1 = 2 , m 2 = 2 2 and obtain from (3:2:11) and on choosing j j = r = n n+1
, we obtain the required result.
Hankel Determinant Problem
The Hankel determinant plays an important role, for instance, in the study of the sin- In this section, we shall determine the rate of growth of the Hankel determinant H q (n) for f 2 e B k ( ; ; ; ) with 0 < < 2, as n ! 1. This determinant has been con- Lemma 3.3.1 Let f 2 A and of the form 2:1:1. Let the qth Hankel determinant of f for q 1, n 1 be de…ned by (3:3:1). Then, writing j (n) = j (n; z 1 ; f (z)), we have
, where with 0 (n) = a n , we de…ne for j 1,
Lemma 3.3.2 With z 1 = n n+1 y and v 0 any integer,
Now we are ready to prove the result of the rate of growth of Hankel determinant.
Rate of Growth of Hankel Determinant
Theorem 3.3.1 Let f 2 e B k ( ; ; ; ) with 0 < < 2 and let the qth Hankel determinant H q (n) of f be de…ned as in (3:3:1). Then
where k > 4j+2 (1 ) cos 2 2 and O (1) is a constant depending on k; ; ; ; and j only.
Proof. From (3:1:1), we have
where g 2 V k ( ), p 2 P . It is now from Lemma 2.4.18 that for starllike functions s 1 and s 2 ;
Using (3:3:3), we have
Let F (z) = zf 0 (z). Then for j 1, z 1 any non-zero complex and z = re i , consider j (n; z 1 ; F (z)) as de…ned by (3:3:2). Then
and by using (3:3:5), we have
2 ) (1 ) cos 2 c 1 , say.
Therefore (3:3:6) becomes
Now using Lemma 2.1.1 and Lemma 2.3.11, we have
The well-known Holder's inequality will give us
Also, using Lemma 2.2.3, for p 2 P , z 2 E,
Using (3:3:8) in (3:3:7), we obtain
Therefore, we can write
Now using a subordination result for starlike functions, we have
where c 2 is a constant depending on k; ; ; ; ; j only and (k+2)(1 ) cos 2 4j 2 > 1: Applying Lemma 3.3.2 and putting z 1 = n n+1 e i n , (n ! 1), r = 1 1 n , we have for
where O (1) is a constant depending on k; ; ; ; and j only. We now estimate the rate of growth of H q (n). For q = 1, H q (n) = a n = 0 (n) and 
2;
where O(1) is a constant depending only on k and . 
2;
where O(1) is a constant depends on k; and only.
Conclusion
In this chapter, we used the concept of generalized Robertson functions along with the class of e P ( ) to introduced the class e B k ( ; ; ; ) of generalize Bazilevic functions. We studied, the necessary condition for the functions to be in the class e B k ( ; ; ; ) with univalence criteria. Some other interesting properties such as arc length, rate of coe¢ cient growth and coe¢ cient di¤erence have been discussed. Hankel determinant problem was investigated at the end of the chapter. Relevant connections of the results presented here with those obtained in earlier works were pointed out.
